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ABSTRACT 
 
There are many integration techniques that can be used to solve an integral problem.In this material, several 
integration techniques will be discussed including substitution, the properties of algebra and trigonometry and 
techniques commonly used in test books.If we are faced with integral problems that cannot be solved by 
techniques ,what we have learned, we use partial integral techniques. Partial integration technique is obtained by 
integrating the derivative formula of the product by two functions. 
Keywords: integration technique; substitution; partial integration technique 
 

INTRODUCTION 
 

Background 
 

Integration technique is a technique used in integrating functions that are done by changing the form of the 
integrand into the form contained in the basic integral formula. There are several integration techniques that can 
be used to solve problems. Integral is substitution, using algebraic operations, with the identity of trigonometry. 
If the integral problems above cannot be solved by techniques that have been learned, then we can use partial 
integrals. 

 
Question 

 
How to apply the use of integration techniques in solving an integral problem? 

 
Purpose 

 
The purpose of this problem is to get a solution about the application of the use of integration techniques in 

solving an integral problem, to be able to make it easier to understand other materials. 
 

Literature Review 
 

According to Hungerford(1), Integration techniques by changing to the basic form of substitution, for 
example given the integral problem ∫f (x) dx, where the integral of the integrant function is not found in basic 
integral formula, then in this substance technique is carried out a transformation (substitution) variable x to 
another variable (for example variable t) such that ∫ f (x) dx = ∫ g (t) dt, where ∫g (t) dt is in the basic integral 
formula. In addition to transforming variables, a integrator must also be transformed from dx to dt, 
To get the relationship dx and dt can be obtained by lowering x with respect to t. 

According to Millington T. Alaric(2), the integration technique using algebraic operations, is meant with 
algebraic operations in this integration technique is comp and multiplication of t shape. 
 Completing squares is used to solve integrals whose integrations contain the form of quadratic functions    

ଶݔܽ + ݔܾ  + ܿ where a, b, and c are constants and are not contained basic integral formula. Thus, one 
technique that can be used is by change the shape of the square to be a perfect square. 
 

ଶݔܽ + ݔܾ  + ܿ = ݔ) + ௕
ଶ௔

)ଶ + ( ௕
మିସ௔௖
ସ௔

 ) 

 

According to Seymour Lipschutz(3), an integration technique for the Trigonometry Integration Function, 
where the integrant is a trigonometric function in the form: 
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a. ݊݅ݏ௠x ܿݏ݋௡ݔ 
b. ݊ܽݐ௠ܿ݁ݏ ݔ௡x 
c. ܿݐ݋௠ܿ݁ݏݏ݋ܿ ݔ௡ݔ 
d. sin݉ݔ cos ݔ݊  

 For integrals in the form of   ݊݅ݏ௠x ܿݏ݋௡ݔ  you can use the following substitution: 
1. If m is odd, then substitute  t = cos x 
2. If n is odd, then substitute  t = sinx 
3. If m is even and n even, then Trigonometry identity is used: 

    
ଶ x = ଵିୡ୭ୱଶ௫݊݅ݏ    

ଶ
 

 
ଵାୡ୭ୱ = ݔ ଶݏ݋ܿ ଶ௫

ଶ
  

According to Ayres(4) integration techniques for integrating irrational functions, such as integrants 
containing irisional functions  ඥ݂(ݔ)೙  with f (x) linear functions, f (x) = ax + b, with a and b constants, then 
substitution can be used so that a rational function can be used. 

According to Spingel(5) partial integration techniques, if the integration problem cannot be solved by the 
techniques that have been learned, we can use partial integration techniques. 

This technique is obtained by integrating the two function multiplied derivative formula. 
 
For example u = u (x) and v = v (x) functions that are differentiable in x. 
 
ௗ
ௗ௫

  uv = u ௗ௬
ௗ௫

 + v ௗ௬
ௗ௫

 

Partial integral technique: 

නݔ݀ ݑ = ݒݑ −  නݑ݀ ݒ 

According to Grimaldi(6), integration techniques by integrating the Partial Fraction function suppose that the 
integran is in the form of   ∫ ௉(௫)

ொ(௫)
 where P (x) and Q (x) are polynominal functions (terms many) in x with 

degrees Q (x), to solve the problem, the integrant must be expressed as the sum of partial fractions.In this case 
we need to describe Q (x) in linear factors and quadratic factors positive or negative definite. 

 
METHODS 

 
Integral Formulas: 
ݔ݀ ܽ∫                   = ݔܽ + ܿ ;  a = konstanta 
1. ∫ ௡ݔ ଵ = ݔ݀ 

௡ାଵ
 ௡ାଵ ;  n ≠ -1ݔ 

2. ∫ ݁௫ dx =  ݁௫+ c 
3. ∫ ܽ௫ dx = ௔

ೣ

௛ ௔
 + c  ; a = positif 

4. ∫ ଵ
௫
 dx = h   x    + c   ; x ≠ 0 

5. ∫ sinݔ݀ ݔ =  − cos ݔ + ܿ 
6. ∫ cos ݔ݀ ݔ = sinݔ + ܿ 
7. ∫  ଶ x dx = tan x + cܿ݁ݏ
8. ∫ ଶܿ݁ݏ݋ܿ ݔ݀ ݔ  =  − cot ݔ + ܿ 
9. ∫ secݔ tan ݔ݀ ݔ = sec ݔ + ܿ 
10. ∫ ݔ ܿ݁ݏ݋ܿ cot ݔ݀ ݔ = ݔ ܿ݁ݏ݋ܿ−  + ܿ 

 
Apart from the formulas above, there are some integral formulas for functions that are not contained in basic 

integral formula, which can later be sought with integration techniques. There are several integration techniques 
that can be used to solve problems Integral.  

In this material will be discussed, among others: 
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1. Change to the basic form of substitution 
The integral problem ∫݂(ݔ) ݀ݔ, where the integral of the integrant function is not found in the integral 
formula, then it can be done with the substitution technique variable x to variable       another, for example 
the variable t, so that ∫݂(ݔ)݀ݐ݀(ݐ)݃∫ = ݔ where ∫݃(ݐ)݀ݐ  is found in basic integral formula. Also the 
integrator differential substitution must be done from dx to dt, to get the relationship between dx and dt can 
be obtained by decreasing x towards t. 

2. Integration technique using algebraic operations 
The algebraic operations in question are: 
Completing squares is used to solve integrals that are integrants contains the quadratic function form  ܽݔଶ+ 
bx + c  with a, b, and c   a constant and  not in the basic integral formula.One technique that can be used is  
by changing the quadratic shape into a perfect quadratic form. 

 
ଶݔܽ + ݔܾ  + ܿ ݔ )  = +  ௕

ଶ௔
 )ଶ + ( ௕

మି ସ ௔௖  
ସ௔

 ) 
 

3. Integration technique for Trigonometry function integrals for Trigonometry function integrals Shaped ݊݅ݏ௠  
x ܿݏ݋௡  x, ݊ܽݐ௠ x ܿ݁ݏ௡ x,  ܿݐ݋௠  x ܿܿ݁ݏ݋௡  x and sin m x cos n x.For integrals in the form of  ݊݅ݏ௠ x ܿݏ݋ ௡x 
you can use the following substitution: 
a. m odd  is used as substitution t = cos x 
b. n odd  is used as substitution t = sin x 
c. m even 

 is used with Trigonometry identity, namely: 
               n even                    

ଶ x = ଵିୡ୭ୱ݊݅ݏ               ଶ௫
ଶ

 

ଶ x = ଵାୡ୭ୱݏ݋ܿ                        ଶ௫
ଶ

        

4. Integration technique for integrant Iris integrals that contain functions Irisional ඥ݂(ݔ)೙  with  f (x) = ax + b, 
where a and b are constants, then to solve can substitute be used so that it becomes a function. 

5. Trigonometry Substitution Techniques 
6. Integran containing one of the irrational forms √ܽଶ-ݔଶ  √ݔଶ -ܽଶ dan  √ܽଶ+ݔଶ with a arbitrary constant. In 

this technique trigonometric substitution is performed so the irrational form becomes a rational form. 
7. Trigonometric substitution for the irrational form above is as follows: 

 
 

Table 1. Trigonometric substitution for the irrational form 
 

               shape Substitution 

√ܽଶ −  ଶ x =  a sin tݔ

ଶݔ√ − ܽଶ x = a sec t 

√ܽଶ+ݔଶ x = a tan t 

 
8. Partial Integral Technique 

 
        ∫ ݒ݀ ݑ = ݒݑ −  ∫  ݑ݀ ݒ

To use partial integral techniques, the following things need to be considered: 
a. The use of this technique is to declare an integrant in 2 parts, a part one as u and the rest together with dx 

as dv. 
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b. When doing step 1, select the dv section that can be integrated. 
c. It should be considered that ∫ݑ݀ ݒ  is no more difficult than ∫  ..ݒ݀ ݑ
Integration on the right hand side is carried to the left hand side, so that: 
 

            ∫ ݁௫ sinݔ݀ ݔ = ݒݑ −         ݑ݀ ݒ∫ 

               u        dv         =  ݁௫  (-cos x)  - ∫− cosݔ ݁௫ dx 

                                       = - ݁௫cos x + ∫݁௫ cos x  dx 

       u        dv      

          = - ݁௫  cos x + ݁௫sin x - ∫݁௫  sin x  dx 

               ∫ ݁௫ sin x dx + ∫݁௫ sin x dx = - ݁௫ cos x + ݁௫  sin x + c 

                                     2∫ ݁௫ sin x dx = - ݁௫ cosݔ + ݁௫ sin x + c 

                                      ∫݁௫  sin x dx =  ଵ
ଶ
 ( - ݁௫ cos x + ݁௫  sin x) + c 

Integration technique by making integrals a partial fraction function the ran ∫௉(௫)
ொ(௫)

  dx integral with P (x) and 
Q (x) is the Polynomial function (term many) in x with degrees  
P (x) smaller than degrees Q (x), to be able to to solve this problem, the integrand must be expressed as a 
sum of Partial fractions. 
 
If known ∫ ௉(௫)

ொ(௫)
  dx with P (x) and Q (x) 

 
Polynomial function (many terms) then: 
a. It must be checked that the degree P (x) is better than the degree Q (x). 
b. Describe Q (x) in the positive / negative squared factors. 
If Q (x) consists of nonrepeating / different linear factors. 
For example Q (x) can be factored like the following form: 
 
Q(x) = (ܽଵ  x+ ܾଵ) ( ܽଶ x + ܾଶ )    ……….. ( ܽ௡ x +  ܾ௡ ) 
 
Then    ௉(௫)

ொ(௫)  can be expressed as the following partial fraction: 
 
௉(௫)
ொ(௫)

 =  ஺భ
(௔భ௫ା ௕భ  )

 + ஺మ
(௔మ௫ା ௕మ  )

  + ……. + ஺೙
(௔೙௫ା ௕೙  )

 
 
If Q (x) contains a recurring linear factor. 
Then Q (x) can be factored into the following form: 
 
Q(x) = ( ܽଵ x + ܾଵ )௡   ( ܽଶ x + ܾଶ ) 
 
Where the linear factor (ܽଶ  x+ ܾଶ)  is a non-repeatable linear factor, then it is stated as the following partial 
fractions: 
 
௉(௫)
ொ(௫)

 =  ஺భ
(௔భ௫ା ௕భ  )೙

 + ஺మ
(௔మ ௫ା ௕మ  )೙షభ

  + ……. + ஺೙
(௔భ௫ା ௕భ  )

 +  ஺೙
(௔మ௫ା ௕మ  )
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RESULTS AND DISCUSSION 

 
Examples and Proof 

Example 1 

 

Prove:  ∫ ଵ
ඥସି௫మ

   dx  = arc  sin ௫
ଶ
 + c  

 

Settlement: 

For example: y = x / 2 

               dx = 2 dy 

∫ ଵ

ටඥସି௫మ
  dx = ∫ ଵ

ටଵି ೣ
మ
ర

     

                     = ଵ
ଶ
 ∫ ଵ

ටଵା( ೣ
మ
ర   )

     

                     = ଵ
ଶ
 ∫ ଵ

ඥଵି ௬మ
 . 2 dy 

                     = ∫ ଵ
ඥଵି ௬మ

  dy 

                     = arc sin y + c 

                     = arc sin  ௫
ଶ
 + c  

So Proven. 
 

Example 2 
 

Prove: ∫sin ݔ2 cos ݔ݀ ݔ4 = - ଵ
ଵଶ

 cos  6x + ଵ
ସ
 cos 2x  + c 

Settlement : 

Sin 2x cos 4x = ଵ
ଶ
     sin (2x+4x) sin(2x-4x) 

                       = ଵ
ଶ
     sin 6x + sin (-2x) 

                       = ଵ
ଶ
 ( sin 6x – sin 2x) 

∫ sin ݔ2 cos ݔ݀ݔ4  = ∫ ଵ
ଶ
 (sin 6x – sin 2x)  dx 

                            = ଵ
ଶ
 ∫ sin ଵ - ݔ݀ ݔ6 

ଶ
 ∫ sin  ݔ݀ ݔ2

                            = - ଵ
ଵଶ

 cos 6x + ଵ
ସ
 cos 2x + c 

So Proven. 
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Example 3 

Prove: ∫√4−ݔଶ  dx = 2 arc sin  ௫
ଶ
 + ଵ

ଶ
 x√4−   ଶ + cݔ

The solution: 

ଶݔ−4√∫  dx = ∫√2ଶ  ଶ  dxݔ−

Substitution : 

ݔ = 2 sin  sin t = ௫  ݐ
ଶ
 

ݔ݀ = 2 cos  t = arc sin ௫  ݐ݀  ݐ
ଶ
 

  sin ݐ =  ௫
ଶ
                                                           

cos t =  
ඥଶమି௫మ

ଶ
                                                      √2ଶ +             ଶݔ

2 cos t = √2ଶ −  ଶݔ

2ଶ ܿݏ݋ଶ 2 = ݐଶ- ݔଶ 

݋ܵ ∶ 

ଶݔ−4√∫  dx = ∫√2ଶ  ଶ dxݔ−

                       = ∫ඥ2ଶ ܿݏ݋ଶݔ .  (ݐ݀  ݐ ݏ݋2ܿ )

                       = 4 ∫ cos ݐ cos  ݐ݀  ݐ

                 = 4 ∫   ଶ  dtݏ݋ܿ

                 =  2 ∫ ଵ
ଶ
 (1+cos 2t)  dt 

                 = 2 ∫ ݐ݀ + 2 ∫ cos  ݐ݀  ݐ2

                 = 2t + 2 sin 2t + c 

                 = 2 arc sin ௫
ଶ
 + ଵ

ଶ
 x √4−  ଶ + cݔ

So Proven. 

Example 4 

Prove: : ∫ ସ௫మା ଺
௫యା ଷ

   dx   =  2 h    x   + h     ݔଶ+ 3   + c  

Settlement : 

∫ ସ௫మା଺
௫యା ଷ௫

 dx    =  ∫ ସ௫మା ଺
௫(௫మା ଷ)

  dx       

Information : 
ସ௫మା ଺
௫(௫మାଷ)

  = ஺
௫
 + ஻௫ା஼

௫మ ା ଷ
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ସ௫మା଺
௫(௫మାଷ)

  = ஺൫௫
మାଷ൯ା (஻௫ା஼)(௫)

௫(௫మାଷ)  

ସ௫మା଺
௫(௫మା ଷ)

  = ஺௫
మା ଷ஺ା஻௫మା ஼௫
௫(௫మା ଷ)

 

ଶݔ4 + 6 = ଶݔ)ܣ +  3) ݔܤ) + +  ݔ(ܥ

The coefficient ݔଶ is : A + B = 4 

The coefficient x  is   : C = 0 

The coefficient ݔ଴  is : 3A = 6 

So: A = 2; B = 2; C = 0 

∫ ସ௫మା ଺
௫యା ଷ௫

  dx  = ∫ ଶ
௫
 dx + ∫ ଶ௫

௫మାଷ
  dx 

So Proven. 

 

Example 5 

Prove: ∫ (௫మିଶ)
௫య(௫ ାଶ)మ

  dx = - ଵ
଼
 h    x   - ଵ

ଶ௫
 + ଵ

ସ௫మ
 + ଵ

ସ(௫ିଶ)
 + c 

Settlement : 

∫ (௫మିଶ)
௫య (௫ାଶ)మ

  = ஺
௫
 + ஻

௫మ
 + ஼

௫య
 + ஽

௫ାଶ
 + ா

(௫ାଶ)మ
 

So∶ :     A = - ଵ
଼
 ; B = ଵ

ଶ
 ; C = - ଵ

ଶ
 ; D = ଵ

଼
 ; E = - ଵ

ସ
 

∫ (௫మିଶ)
௫య(௫ାଶ)మ

  dx = - ଵ
଼
  ∫ ଵ

௫
  dx + ଵ

ଶ
 ∫ ଵ

௫మ
 dx - ଵ

ଶ
 ∫ ଵ

௫య
 dx 

                           + ଵ
଼
  ∫ ଵ

(௫ାଶ)
 dx - ଵ

ସ
 ∫ ଵ

(௫ାଶ)మ
 dx 

                        = - ଵ
଼
 h   x    -  ଵ

ଶ௫
   + ଵ

ସ௫మ
 + ଵ

ସ(௫ାଶ)
 + c 

So Proven. 

 

Example 6 

Prove: ∫ ݔ݀ ݔ ଶ ℎݔ =  ଵ
ସ

ݔ ସ ℎݔ   −  ଵ
ଵ଺

ସݔ   +      ܥ

Settlement : 

For example:    

   u = hx                 dv = ݔଶ dx 

  du = ଵ
௫
 dx              v = ଵ

ସ
 ସݔ 

 ݑ݀  ݒ∫ – ଶ hx  dx = uvݔ∫  

                      = ( hx) . ( ଵ
ସ
∫ - (ସݔ  ଵ

ସ
ସ. ଵݔ 

௫
  dx 

                       = ଵ
ସ
ସhxݔ  − ଵ

ସ
 ଷ dxݔ∫ 

                       = ଵ
ସ

 xସ hx−  ଵ
ଵ଺

 xସ+ C 

So Proven. 
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Example 7. 

Prove it : ∫݊݅ݏହx ܿݏ݋ଷ x  dx =  ଵ
଺
଺ ݊݅ݏ ݔ −  ଵ

଼
ݔ଼݊݅ݏ  +  ܥ

Settlement :   ∫݊݅ݏହx ܿݏ݋ଷ x  dx = ∫ cos .ݔଶݏ݋ܿ . ହx݊݅ݏ  ݔ݀  ݔ

                                                          = ∫  (ݔsin )d (ݔଶ݊݅ݏ -1 ) ହx݊݅ݏ

ହ݊݅ݏ∫ =                                                           ∫ - (ݔ݊݅ݏ)݀ ݔ ଻݊݅ݏ  (ݔsin)݀ ݔ

                                                          =  ଵ
଺
଺ x - ଵ݊݅ݏ 

଼
ݔ ଼݊݅ݏ  +  ܥ

So Proven. 
 

CONCLUSION 
 

There are two important things that need to be considered in solving integral problems, vizan integral 
problem sometimes requires more than one deep and integration technique settlement there is never a particular 
sequence which technique is used first first So the two statements are very important for us to master all 
techniques thoroughly and how to integrate all of these techniques. 
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