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ABSTRACT 
 

Characteristic equation an matrix roots called characteristic roots. Here is discussed how to determine the roots 
of the characteristic of several kind if matrices. Such us Matrix Hermitian, Orthogonal Real Matrix and Matrix 
Similar.The roots of a Hermition matrix and the characteristic roots of a real symmetric matrix must be real. While 
the roots of an Orthogonal Riel matrix have 1 as mode. For a Similar matrix, the characteristic roots are the same. 
Keywords:  matrix; root equation; characteristic 
 

INTRODUCTION 
 

Suppose we define a square matrix A = ( ܽ௜௙ ) ݔ ݊ ݁݌ݕݐ ݊ with elements from Field F. If we can determine the 
vector x such that from Ax = x we get: 
 
Ax = ݔߨ = Ax - ݔ ݈ ߨ 
              = ( A - ߨ ݈ ) ݔ 
              = 0 

( A - ߨ ݅ ) ݔ =        
ܽଵଵ − ߨ  ܽଵଶ      … ܽଵగ ௡

   ܽଶଵ ܽଶଶ − …ߨ ܽଶగ ௡
ܽగଵ ܽగଶ      … . ܽగ௡

                   
ଵݔ
ଶݔ
ଷݔ

        =      
0
0
0

  

or: 
( ܽଵଵ − ଵݔ ( ߨ  +  ܽଵଶ  ߛଵଶ +⋯+ ܽଵ௡ߛ௡= 0 
ܽଶଵߛଵ+ ( ܽଶଶ − ଶݔ ( ߨ  +⋯+ ܽଶ௡ߛ௡ = 0 
. 
. 
. 
ܽ௡ଵߛଵ+ ( ܽ௡ଶߛଶ+ ... + ܽ௡௡- ߨ )ݔ௡= 0   .........................................................   (1) 

The system of equations (1) has a non-trivial solution if (A-)=0 

 
CHARACTERISTIC ROOTS 

 
Definition of I 

 
Equation [ ܣ − [ ߨ  = (ߨ)݂ = 0  with as a number or is called equation characteristic of the matrix A. The 

roots are called characteristic roots. 
If ߨଵ,,ߨଶ.,  ....  , ߨ௡ are the roots of the equation [ A-πl ]=f (π )=0, then 
we get  [ ܣ − [ ଵ݈ߨ  = 0, −ܣ ] [ ݈ ଶߨ  = 0. etc. So that the equation 
ܣ ] − [ ଵ݈ߨ  = 0 , ܣ ] − [ ݈ ଶߨ  = 0  has a non-trivial solution. Vector 
characteristics. 

Find: Characteristic vectors and matrix A =     
4 − 6 2
− 6 3 − 4

2 − 5 − 1
 

Solution: 

ܣ ] − [ ݈ߨ  =      
4 − ߨ − 6 2
ߨ3 6 − − 4   

2 − 4  − 1− ߨ 
     = 0 

 

    =        
4− ߨ  − 6 2
− 6 ߨ3 − 4

2 − 4 − 1 − ߨ 
      

4 − ߨ  − 6
− 6 ߨ3

2 − 4
    = 0 
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(4 − 3)(ߨ − 1−)(ߨ − (ߨ + (−6)(−4)(2) + (2)(−6)(−4) − (2)(3 −  - (2)(ߨ
 (4 − −(4−)(4−)(ߨ 6(−6)(−1− (ߨ = 0 
 (12 − ߨ4 − ߨ3 −ଶ)(−1ߨ + (ߨ + (24)(2) + (−12)(−4) − (6 − (2)(ߨ2 − 
 (−16 + (4−)(ߨ4 − (36)(−1− (ߨ = 0 
(12 − ߨ7 + −ଶ)(−1ߨ (ߨ + 48 + 48− (12− −(ߨ4 (64 − (ߨ16 − (−36 − (ߨ36 = 0 
(−12 − ߨ12 + ߨ7 + ଶߨ7 − ଶߨ − (ଷߨ + 96− 12 + ߨ4 − 64 + ߨ16 + 36 + ߨ36 = 0 
(−12 − ߨ5 + ଶߨ6 − (ଷߨ + 84 − 64 + ߨ20 + 36 + ߨ36 = 0 
−12 − ߨ5 + ଶߨ6 − ଷߨ + 20 + ߨ20 + 36 + ߨ36 = 0 
ଷߨ− + ଶߨ6 + ߨ51 + 44 = 0 
ଷߨ − ଶߨ6 − ߨ51 − 44 =  0   ....................................  (1) 
ଷߨ − ଶߨ6 − ߨ51 − 44 =  0 
−44  is divisible by  ± 1 ,   ± 2 , ±4 , ±11 , ±22 , ±44 
If  ߨ = ଷߨ  →  1−  − ଶߨ6 − ߨ51 − 44 = (−1)ଷ − 6(−1)ଶ − 51(−1)− 44 
                                                                        =  −1− 6 + 51 − 44 
                                                                        =  −51 + 51                                       
                                                                         = 0 
So =-1 → is the root of equation (1) 
So (π+1) → is a factor of equation (1) 
To find the roots of other equations, we use for less as below this: 
         
ଶߨ                                                                                    − ߨ7 − 44 

ߨ) + 1)ඥߨଷ − ଶߨ6 − ߨ51 − 44 
ଷߨ                                                                                 +                                             ଶߨ
ଶߨ7−                                                                                       − ߨ51 − 44 
ଶߨ7−                                                                                −                                     ߨ7
ߨ44−                                                                                                    − 44 
ߨ44−                                                                                                  − 44     
                                                                                                                   0 
So:  ߨଷ − ଶߨ6 − ߨ51 − 44 = 0 
ߨ )                      + ଶߨ)(1 − ߨ7 − 44) = 0 
Then:      
ଶߨ                     − ߨ7 − 44 = 0    ..............................................   (2) 
−44   is divisible by ± 1 ,   ± 2 , ±4 , ±11 , ±22 , ±44 
If   ߨ = ଶߨ   →   4−  − ߨ7 − 44 = (−4)ଶ − 7(−4)− 44 
                                                             =  16 + 28 – 44 
                                                             =  44 – 44 
                                                            =  0 
 
So   ߨ = −4     →  is the root of equation (2) 
So   ( ߨ + 4 )    → is a factor of equation (2) 
To find the roots of other equations, we use parentheses, as shown below : 
 
ߨ                                                                                 − 11 
ߨ)                                                            + ଶߨ√ (4 − ߨ7 − 44 
ଶߨ                                                                               +                                            ߨ4
ߨ11−                                                                                      − 44 
ߨ11−                                                                                      − 44             
                                                                                                        0 
Then:  ߨଶ − ߨ7 − 44 = 0 
ߨ)               + ߨ)(4 − `11) = 0 
So:   ߨଷ − ଶߨ6 − ߨ51 − 44 = 0 
ߨ)             + ߨ)(1 + ߨ)(4 − 11) = 0 
So the characteristic roots of matrix A are: 
ଵߨ = 11                   ݊ଶ = ଷߨ                      1− =  −4 
Now we will find the characteristic vector according to  ߨଵ = 11 
Then  [ ܣ − ݔ [݈ 11 = 0 
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4− 11 − 6 2
− 6 3− 11 − 4

2 − 4 − 1 − 11
             

ଵݔ
ଶݔ
ଷݔ

       =      
0
0
0

 

 
Equivalent to the equation: 
ଵݔ7 − − ଶݔ6  + ଷݔ2 = 0 ................................................ (1) 
ଵݔ6 − − ଶݔ8  − ଷݔ4  = 0 ............................................... (2) 
ଵݔ2 − ଶݔ4  − ଷݔ12  = 0 ................................................ (3) 
 
By elimination, we get: 
ଵݔ = ଶݔ                            2 = ଷݔ                                    2−  = 1 
 
Then the column vector x = (2,-2,1) is obtained as the characteristic vector of the A . matrix 
which corresponds to ߨଵ = 11.. 
In the same way for _2= -1, we get the column vector x = (2,1,-2). 
Likewise, for _3= -1, the vector x = (1,2,2) is obtained. 
 

ROOTS OF CHARACTERISTICS OF THE HERMITIAN MATRIX 
 

Theorem 2 
 

The roots of a Hermitian matrix and the characteristic roots of a matrix real symmetry must be real. 
Proof: 
If  ߨଵ   is the characteristic root of matrix A (hermitian or special symmetric matrix 
riel) then     A - ߨଵ ݈       = 0 
 
 so that        A - ߨଵ ݈   x    = 0 has non-trivial 
 
so  ܣ௫ = ݔ̅  or     atau     ݔଵߨ  ∗ ݔܣ = ݔ̅  ∗ ݔଵߨ  ∗ ݔ ∗  ............................ (2) 
From  ܣ௫ = തതതതݔܣ   we get  ݔ ଵߨ  =  :തതതതത  namelyݔ ଵߨ 
തതതതݔܣ = ݔ̅  after transpose then  ݔଵߨ  ∗ ܣ̅ ∗ = ݔ̅ ଵതതതߨ  ∗ 
Since A is hermitian or real symmetric, then A * = A so that  ̅ݔ + ܣ = ഥ ݔ ଵതതതߨ  ∗ 
From equation ( 2 ), then we get  ߨଵതതത ̅ݔ ∗   or atau ( ߨଵതതത - ߨଵ) ̅ݔ ∗ ݔ = 0  
Because ̅ݔ ∗ ≠ ݔ ݊݋݊ ݔ ) 0 − ߨ - ଵതതതߨ  then  (݈ܽ݅ݒ݅ݎݐ = 0 so ߨଵതതത  and prove  ߨଵ real. 
 

ROOT CHARACTERISTICS OF THE ORTHOGONAL RIEL MATRIX 
 

Theorem 3 
 

The characteristic roots of an orthogonal real matrix have 1 as the mode 
Proof: 
An orthogonal matrix (by definition always real) may have roots complex characteristics. However, the modulus 
is equal to 1, for example is the characteristic root of the orthogonal matrix A and x the characteristic vector that 
according to the root, 
Then   Ax = ݔߨ   and  ݔܣതതതത = ݔߨതതതത  or   ݔܣതതതത =  തതതതݔߨ 
Because Ariel then maka A ̅ݔߨ = ݔതതതത 
So   ̅ݔ ∗ ܣ ∗തതതതതതതതത = ̅ݔ ∗  തߨ 
Remember Ax = x then  ̅ݔ ∗ ܣ ∗ ݔܣ = ݔ̅ ߨഥ ߨ  ∗  ݔ
Since A * A = l then ̅ݔ ∗ ݔ = ݔ̅   or   ݔ̅ ߨതߨ  ∗ ݈ )ݔ − തߨ  ( ߨ  = 0 
Since   ̅ݔ ∗ ≠ ݔ 0 then    ߨത ߨ  = =     ݔ     1 
 

SIMILAR MATRIC CHARACTERISTICS ROOTS 
 

Theorem 4 
 

The characteristic roots of similar matrices are the same. 
Proof: 
Suppose matrix B is similar to matrix A then  B = ܥଵܥܣ  or  ܤ =  ଵି ଵܥܣଵܥ 
where  ܥଵ =  ଵିܥ 
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so: 
ܤ − ܥܣଵܥ    =     ߨ  −   ݈ߨ 
ܣ )ଵିܥ     =                 −  ܥ ( ݈ߨ 
ܣ )       ଵିܥ     =                 −  ܥ        ( ݈ߨ
ܣ )    =                 −  (  ݈ߨ 
It can be seen that the characteristic determinants of the 2 similar matrices are the same. 
So the characteristic roots are also the same. 
 

Theorem 5 
 

If the matrix A is similar to the diagonal matrix D the elements of D roots 
Characteristics of the matrix A. 
 
Proof : 

  D − ߨ         =        
݀ଵ − ߨ 0           …   0

0 ݀ଶ − … ߨ   0
⋮ ⋮    ⋮  

 

                                    ݀ଵ − ௫݀   ߨ  − గ݀     ߨ  −  ߨ
 
So the characteristic roots of  D are the diagonal elements. 
Since the matrix A is similar to  D, then the characteristic roots of the matrix A are characteristic roots of D. 
So it's proven. 
 

CONCLUSION 
 

Characteristic roots of the hermitian matrix, especially the characteristic roots of the matrix real symmetrical 
must also be real. The modulus of the characteristic roots of orthogonal real matrices must be equal to one. 
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