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ABSTRACT

Characteristic equation an matrix roots called characteristic roots. Here is discussed how to determine the roots
of the characteristic of several kind if matrices. Such us Matrix Hermitian, Orthogonal Real Matrix and Matrix
Similar. The roots of a Hermition matrix and the characteristic roots of a real symmetric matrix must be real. While
the roots of an Orthogonal Riel matrix have 1 as mode. For a Similar matrix, the characteristic roots are the same.
Keywords: matrix; root equation; characteristic

INTRODUCTION

Suppose we define a square matrix A = (a;f ) type n x n with elements from Field F. If we can determine the
vector x such that from Ax = x we get:

AX=mx=Ax-mlx

=(A-ml)x
=0
A1 — T Q2 . Qign X1 0
(A-mi)x= A1 Ay — M. dopp X2 =l O
Ar1 ) Arn X3 0

or:
(apn = m)x;+ i Vi + o+ A ¥,=0
Ay V1t (A — T) Xy + o+ Ay, =0

A1 V1t (ApaVot o F A= )X = 0 e 1)

The system of equations (1) has a non-trivial solution if (A-)=0
CHARACTERISTIC ROOTS
Definition of |

Equation [A — m] = f() = 0 with as a number or is called equation characteristic of the matrix A. The
roots are called characteristic roots.
Ifmy,m,, ... ,m, are the roots of the equation [ A-nl ]=f (z )=0, then
weget [A— m,l1]1=0,[A— m,1] = 0. etc. So that the equation
[A— m;1]1=0,[A— m, 1] =0 hasa non-trivial solution. Vector
characteristics.

-6 2
Find: Characteristic vectors and matrix A = 6 3 -4 }
2 -5 -1
Solution:

4—mT —6 2
[A—nwl]= -6 3r -4 =0
2 -4 -1-¢
4—nm -6 2 4-1 -6
= -6 3 -4 -6 3 =0

2 -4 -1-nm 2 -4
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(4-m)B-m)(-1-m)+ (-6)(-4)(2) + (2)(-6)(-4) — (2)(3 —m)(2) -
(4-m)(-4)(-4)-6(-6)(-1-m) =0

(12 — 41 — 3 + 72)(=1 — 70) + (24)(2) + (=12)(—4) — (6 — 27)(2) —

(16 +4m)(—-4) — (36)(-1—m) =0

(12 -Tn+n?)(-1—n) +48+ 48 — (12 — 4mr) — (64 — 16m) — (=36 —36m) =0
(-12-12n+7Tn+Tn?—n?—-n3)+96—-12+4n — 64+ 16m +36 + 36w =0
(-12-5n+6n2—n3)+84—-64+20m+36+36mr=0
—12-5r+6m? -3 +20+20r +36+36m =0

-3 +6n2+51lr+44=0

T3 —6m2 —51m —44 =0 oo, ()]

n—6n?—-51lr—44=0

—44 isdivisibleby £1, *+2,+4 +11,4+22 ,+44

If 1= —1 - 73 — 612 — 511 — 44 = (=1)% — 6(=1)? — 51(—1) — 44

= -1—-6+51-44

—-51+51

0

S0 =-1 — is the root of equation (1)
So (n+1) — is a factor of equation (1)
To find the roots of other equations, we use for less as below this:

n?—Tn—44
(m+ 1)\/713 — 6m2 —51m — 44
3 + 1’
—7n? —51n — 44
—7n? - Tr
—44n —44
_ 447 — 44
0 —
So: m3 —6m? —51lr—44=0
(r+1D)(@?—-Tn—44)=0
Then:
Ry (s BN )

—44 isdivisibleby +1, +2 %4 +11,4£22 444
If m= -4 - n?2—-Tn—44=(-4)>-7(-4)—44
= 16+28-44
= 44 - 44
=0

So m=-4 — isthe root of equation (2)
So (m+4) - isafactor of equation (2)
To find the roots of other equations, we use parentheses, as shown below :

T—11
(m+)\n2—Tn—44
m? +4rm
—11nr — 44
—11nr — 44
0

Then: n2 —7n —44=0
(r+4)(r-"11)=0

So: w3 —6n?—-51r—44=0

r+D)E+4)(x-11)=0
So the characteristic roots of matrix A are:
m =11 n,=-1 my = —4
Now we will find the characteristic vector according to m; = 11
Then [A—111]x=0
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4—-11 -6 2 X1 0
-6 3-11 -4 X2 = 0
2 -4 -1-11 X3 0

Equivalent to the equation:

—Tx; — 6X5 F2%3 T 0 i 1)
—6x; — 8xy — 4x3 = 0 i (2)
2x1 — Axy — 12x3 = 0 v (3)

By elimination, we get:
X =2 X, = =2 x3=1

Then the column vector x = (2,-2,1) is obtained as the characteristic vector of the A . matrix
which corresponds to m; = 11..

In the same way for _2= -1, we get the column vector x = (2,1,-2).

Likewise, for _3= -1, the vector x = (1,2,2) is obtained.

ROOTS OF CHARACTERISTICS OF THE HERMITIAN MATRIX

Theorem 2

The roots of a Hermitian matrix and the characteristic roots of a matrix real symmetry must be real.
Proof:
If m; isthe characteristic root of matrix A (hermitian or special symmetric matrix
riel) then  |A - 1 \ =0

sothat | A-my! | x =0 has non-trivial

SO A, = myx  OF atau X *AX = X * X *¥X ¥ v (2

From A, = m, x weget Ax = 7, x namely:

Ax = mx after transpose then x * A x = 7, x *

Since A is hermitian or real symmetric, then A*=Asothat x + A= 7, X *
From equation ( 2), thenwe get ; X = oratau (7, -m;) Xx*x =0

Because X * x # 0 (x non — trivial) then 7; -m = 0so7; and prove m, real.

ROOT CHARACTERISTICS OF THE ORTHOGONAL RIEL MATRIX
Theorem 3

The characteristic roots of an orthogonal real matrix have 1 as the mode
Proof:
An orthogonal matrix (by definition always real) may have roots complex characteristics. However, the modulus
is equal to 1, for example is the characteristic root of the orthogonal matrix A and x the characteristic vector that
according to the root,
Then Ax=mx and Ax =7x or Ax = 7IX
Because Ariel then maka A x = tx
SO X*Ax=Xxx*T
Remember AX =xthen X *x A* Ax = TmwX*x
Since A*A=lthenk*x=fanx or x*x(l— aAmw)=0
Since x*x #O0then wm=| x| =1

SIMILAR MATRIC CHARACTERISTICS ROOTS

Theorem 4

The characteristic roots of similar matrices are the same.
Proof:
Suppose matrix B is similar to matrix A then B=C'AC or B = C,AC{?
where C; = C™!
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s0:
B—m I c1AC — ml|
| ¢ (A-ml)C |

=l ¢t [(a-nD)| ||

=] (A—-ml)
It can be seen that the charactdristic determinants of the 2 similar matrices are the same.
So the characteristic roots are also the same.

Theorem 5

If the matrix A is similar to the diagonal matrix D the elements of D roots
Characteristics of the matrix A.

Proof :
di—n 0 0
D—mn = 0 d,—m .. 0

dl—n dx'—n ci,,—n

So the characteristic roots of D are the diagonal elements.
Since the matrix A is similar to D, then the characteristic roots of the matrix A are characteristic roots of D.
So it's proven.

CONCLUSION

Characteristic roots of the hermitian matrix, especially the characteristic roots of the matrix real symmetrical
must also be real. The modulus of the characteristic roots of orthogonal real matrices must be equal to one.
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